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Welcome

This course is designed to refresh your knowledge of maths to get you ready to use
calculus in your course. There is no right or wrong way to use it. Each section includes
written notes, a video (with the same content as the notes) and practice questions. It's
chunked into bitesized sections to allow you make progress in 10 min windows. You
may like to try the questions first and then just go back to the notes if you get stuck.
Feel free to start anywhere you like.

This is a work in progress, the videos are appearing and things may change! If you find
a mistake please email edrs20@bath.ac.uk and good luck!

Subiject specific

You’re a busy person! So, with the help of your lecturer, I've tried to make this as rele-
vant and concise as possible.

Directly applicable

Whenever you see something in this box it will directly link the statistics covered in
this resource to your course.


mailto:edrs20@bath.ac.uk

What do the boxes mean?

What do the boxes mean?

1 Key point

Key points are summarised in boxes like this.

@ Answers and Mathematical notation

Notes on mathematical properties and answers to Test yourself quizzes are in this
colour boxes.

I Gotcha!

Sources of potential confusion are directly dealt with in this box.

I'd love to hear from you

@ Let me know what you think

If you've got some spare time to fill in this survey about this resource, I'd love to
know what you think of it.

Zero to Hero © 2026 by Ed Southwood, Skills Centre, University of Bath is licensed
under Attribution-NonCommercial-ShareAlike 4.0 International.


https://bathreg.onlinesurveys.ac.uk/zero-to-hero
https://creativecommons.org/licenses/by-nc-sa/4.0/

1 Negative numbers

On a number line negative numbers are typically written to the left of zero and have
values smaller than zero. Negative numbers are tricky. Often when an error creeps
into a calculation it’s due to a misplaced minus sign, they are a source of problems for
everyone - don’'t worry if they seem tricky, they have only relatively recently lost their
mysteriousness. The evidence of humans counting dates from 35, 000BCE yet as
recently as 1758 British mathematician Francis Maseres said that negative numbers...

“... darken the very whole doctrines of the equations and make dark of the things which
are in their nature excessively obvious and simple”.

1.1 Multiplication and Division

When multiplying and dividing using negative numbers the answer will be the same as
the equivalent calculation with positive numbers only, but, you may have to change the
sign - to either positive or negative. The rules for deciding if the answer is positive or
negative are below:

1 Note
* positive X positive = positive
* negative X positive = negative
* positive X negative = negative

* negative X negative = positive

Notice that the order is not important. Here are some examples:

—2x3=-6



1 Negative numbers
10 x =5 = =50
—4x—-6=24

If you have more that two numbers to multiplying you can just count the number of
negative numbers and apply the following rule:

1 Note

« If the total number of negative numbers is even the answer is positive.
+ If the total number of negative numbers is odd the answer is negative.

Here’s a longer example:

—2X -2Xx-2x-2=16
since there are even number of negatives in the question the answer will be positive.
Since division and multiplication are so closely related, division works in exactly the

same way. For example:
—3 X —6

-9

—2

You can practice these techniques with the following questions. You can refresh the
question to change the numbers. Try them as much as you like.



1 Negative numbers

Calculate the following:

Multiplication with negative numbers

a)—Hx—4x—5x3

Save answer

Score: 0/1

Division with negative numbers

—3x-2x5
b =5

Reduce your answer to lowest terms.

Save answer

Score: 0/1

Score: 0/2  Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle Universi Display options

1.1.1 But why?!!?

Building a physical idea of a negative number is tricky. For example thinking of 2 X 3 as
two lots of 3 things is fine, but what does —2 X —3 even mean? Hopefully but looking
at the pattern below it will be become clear that our definition of what happens with
two negative numbers (i.e. two negatives multiply to get a positive) is the only one that
makes sense.

Consider extending the two times table into negative numbers.

3 x 2 6
2 x 2 = 4
1 x 2 = 2
0 x 2 = 0
-1 x 2 = =2
—2 x 2 = —4
—3 X 2 —6


https://numbas.mathcentre.ac.uk/question/125598/negative-numbers-multiplication-and-division/embed/

1 Negative numbers

The result of the multiplication decreases by two each time - the pattern continues into
the negative numbers.

Now lets look at the patter with the negative two times table.

3 X —2 = —6
2 x =2 = —4
1 x =2 = =2
0 x =2 = 0
-1 x =2 = 2
—2 x =2 = 4
-3 X =2 = 6

Notice how as we multiply —2 by a smaller number the result increases. Continuing the
pattern to multiply —2 by a negative number naturally gives us a positive result.

Our definition fits the pattern. Hurrah!

1.2 Addition and subtraction

It helps to think about addition and subtraction of negative numbers on a number line.
We can think about positive numbers as arrows pointing forwards, shifts to the right
from zero, and negative numbers as arrows backwards, shifts to the left. Add to this the
idea that addition and subtraction is then combining these arrows. When you add two
numbers you place them one after another, the end of the second arrow on the tip of
the first. With subtraction you reverse the direction of the second arrow and then place
them together just like addition.



1 Negative numbers

Diagram to show 3 -5 =-2

Consider the following examples:

« 3 — 5 = —2 can be thought of as: start at three then move five back to the left.

« —4 4+ 1 = —3, start at —4 then move one to the right.

« 5+ —2 = 3, start at 5 then add on a shift of 2 to the left.

« 1 — —3 = 4, start at 1 then reverse a shift of 3 to the left (I know it seams
bonkers!). The double negative cancels out to give a calculation equivalent to
14+3=4.

! Important

It's tempting to cling on to the idea that two negatives make a positive when it
comes to addition and subtraction. But consider the following statements, they
are all correct, but imagine how easy it is to be confused if you just apply the two
negatives make a positive rule.

. —3-5=-8
.« —10——4=—6




1 Negative numbers

Economics example

If a firm’s revenue is £500,000 and its costs are £550,000, its profit is 500000 —
550000 = —50000. The negative sign shows the firm is making a loss of
£50,000.

You can practice these techniques with the following questions. The numbers change
each time to try them as much as you like.

Calculate:

a)
A4 -—5=

Save answer

Score: 0/1

b)

—5—-3
Save answer
Score: 0/1

Score: 0/2 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle University. Display options



https://numbas.mathcentre.ac.uk/question/126315/negative-numbers-addition-and-subtraction/embed/?token=1a99ce84-edc0-4467-a780-e6e9bcc6fda8

2 Algebraic expressions

Algebraic expressions are just statements about numbers. However, letters are used as
place holders for some of the numbers. There are many reasons this is useful, it could
be because we would like to uncover the structure of something, or, because we don'’t
know the specific numbers to use yet.

2.1 Substitution

In order to evaluate an algebraic expression we have to substitute the letters for num-
bers. After the numbers are written in place of the letters we must take care to evaluate
the statement in the correct order. BIDMAS is often used to remember the order:

Brackets Work out anything in brackets first.

Indices Powers are next, something like 32,

Division and Multiplication these two have equal priority. If there is a ‘tie’ work

left to right. However if you see a large division they have implicit brackets in them.

For example % should be thought of as ((221130)).

Addition and Subtraction like multiplication and division these are equal priority.

If there is a tie work left to right.

One more thing to know before we start making substitutions is that the multiplication
symbol X is often not used in algebraic expressions. Letters and numbers that are next
to each other are multiplied together. For example 3a means 3 X a. You can show two
numbers multiplied together like this 2 x 3 = (2)(3) = 6.

Here are some examples:



2 Algebraic expressions
If a = 2 and b = —3 then we can evaluate 5a + 4b like this:
5(2) + 4(—3)
When things are written next to each other this means multiplication.
S5X2+4x—3

Using BIDMAS to do the multiplication first and remembering that a positive number
multiplied by a negative gives a negative number.

10+ —-12 = -2

Substitutingn = 3 and x = 2 into 5x™. By replacing the letters with numbers we

have:
5(2)°

Remembering that when things are next to each other it means multiplication, which
gives:
5 x 23

Following BIDMAS we must deal with the powers first. Since 23 = 2 X 2 X 2 = 8 we

have:
Hhx 8 =40

Finally consider @ where p = 6,q = 3 andr = 5. Replacing the letters with

numbers we have:

2(6)+ 3 B 2x64+3
5 5
Remembering that there are implicit brackets in fractions, the numerator needs to be

evaluated first.
(2><6+3) (12+3) 15

5 5 5
Now the fraction can be evaluated.

10



2 Algebraic expressions

You can practice these techniques with the following questions. The numbers change
each time to try them as much as you like.

Evaluate the values of these algebraic expressions.

a)
Ifa=2andb= 3 evaluate:

3a.+ 3b

Save answer
Score: 0/1
Whenz = —2, y= —2and z = —2 evaluate

—30°45
Y3

Reduce your answer to lowest terms.

Save answer

Score: 0/1

Score: 0/2 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcaste Universiy Display options

2.2 Simplification

Algebraic expressions are made up of terms. Similar terms can be combined to create
a simplified expression, this processes is called collecting like terms. For example
2a 4+ 3a can be simplified to 5a by collecting the a terms. Here’s another example with
a bit more going on:

T terms Y terms
—— ——
S5 4+ Ty —3x + 3y = dx — 3z + 7y + 3y = 22 + 10y

Notice that the like terms were grouped first to make it easier to simplify. Also, each
term owns the positive or negative symbol ahead of it.

Terms can be more complex too. Although it's tempting to find something to simplify
there are no like terms in this expression: 3y + 622 + 2z — 5y. Only the exact same

11


https://numbas.mathcentre.ac.uk/question/126318/algebra-substitution/embed/?token=83a5d483-0d29-43d9-9569-f3b4d04ca26e

2 Algebraic expressions

multiples can be simplified. For example:

LL‘Q terms x terms

622 + 2x — bx? — 8 = 622 — hx2 +2x — 8x = 22 — 6

Notice that the two different types of term are x and x2. Also, | could have written 122
but we normally don’t bother with the 1. It's also important to note that capitalisation
matters; x is different from X.

Take care when simplifying multiples of different letters 3xy + Hyx can be simplified.
This is because the order of multiplication doesn’t matter so 3xy + Syx = 3xy +
dxy = 8xy. Terms are normally written in alphabetical order with the highest powers
first.

1 Key point:

'QZ'XJSILUZ

s r+1x=2x
 x is different from X

o 1x is written as &

Economics example

A firm’s total revenue is T'R = 15q and its total cost is T'C’' = 8q + 200. Profit
is total revenue minus total cost:

T=TR-TC
Substitute the expressions and simplify:
m = 15q — (8¢ + 200)

= 15qg — 8¢ — 200
= Tq — 200

12



2 Algebraic expressions

The simplified profit function is m = 7q — 200.

At low quantities the firm makes a loss. Each unit contributes £7 towards the £200
fixed cost, but until enough units are sold that contribution is still smaller than the
overhead. The switchover from loss to profit occurs when profit is exactly zero. Set
the profit function equal to zero and solve:

200

The firm cannot sell 0.57 of a unit, so it must sell the first whole number larger than
28.57. That is 29 units.

Have a go at simplifying with these questions.

For each expression below, simplify by collecting the like terms.

a)

Tz + 10z + 4z =

Save answer

Score: 0/1
8z2— 2+ 8z — 3z + 5z’ =
Note: you can type z* as x*2
Save answer

Score: 0/1

Score: 0/2 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle University. Display options

13


https://numbas.mathcentre.ac.uk/question/104233/collect-like-terms/embed/?token=e5fdc25c-98a0-4df2-9a2f-45cc8a15b5f4

3 Expressions with brackets

Dealing with algebraic expressions containing brackets is a useful skill. This section
looks at removing brackets by expanding and adding brackets back in by factorising.

3.1 Expanding

3.1.1 Single brackets

Expanding a bracket in an algebraic expression is an example of the distributive law.
You probably are already familiar with that law. Here is an example of how the law could
be used to work out 6 X 15 using a mental method.

6 x 15 =6 x (10 + 5)
—6x10+6x5
— 60 + 30
=90

The same procedure is followed with an algebraic expression.

6(2x +5) =6 x (2x +5)
=6X2r+6x5
=12z + 30

The number of terms within the bracket isn’t limited to two. For example:

14



3 Expressions with brackets

z(y+3x—5)=x X (y+3z—05)
=rxXy+xrx3r+xxX-—>H
= xy + 32% — b

Finally, another common pattern is to have a negative sign before a bracket. This

just means everything inside the bracket is multiplied by —1. It just flips the sign of
everything in the brackets.

—B3—x)=—-1x(3—1x)
=—1x3+—-1x—x
=3+

Here are some practice questions.

Expand the brackets:

a)
2z(y+3)

Note to enter zy type: x*y

Save answer
Score: 0/1
dz(y—5z—5)
Note: To write 2 type x"2

Where ~ is shift + 6

Save answer

Score: 0/1

Score: 0/2  Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle University. Display options

15


https://numbas.mathcentre.ac.uk/question/127002/algebra-expanding-single-brackets/embed/?token=7f05cd3a-ac38-4f05-8866-e3fa3c6b280c

3 Expressions with brackets

Economics example

Total revenue is price times quantity.

If the demand curve is P = 20 — 2(), then total revenue is:

TR=PxQ
= (20-2Q)Q
= 20Q — 2Q?

3.1.2 Expanding pairs of brackets

This will be covered in Quadratics.

3.2 Factorising

The reverse of expanding brackets is called factorising. We look for a common factor in
each term to take outside of the bracket.

3.2.1 Factorising - single brackets

For each term in the expression look for a common factor. We can then write this in
front of the bracket so when you expand the bracket the original expression is returned.
For example:

1222 — 152 = 3z x 4o + 3z X —5
= 3z(4x —5)

Notice that 3z is a factor of both 1222 and —15x. Also, if we expand our answer we
should get back to where we started from.

Here are some practice questions.

16



3 Expressions with brackets

Factorise:

Note: you must enter a multiplication sign between the factor and the bracket type x*(x+1) to get 2

x (z+1).
a)
Ty—=x

Save answer

Score: 0/1
b)

—3zy + 3z + 12z

Save answer

Score: 0/1

Score: 0/2 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle University

Display options

3.2.2 Factorising - pairs of brackets

This will be covered in the Quadratics section.

17


https://numbas.mathcentre.ac.uk/question/127099/algebra-factorising-single-brackets/embed/?token=29498934-17cf-45ab-96cb-ab4a6d7523ed

4 Fractions

Fractions can be written in two ways:

« as decimals fractions, for example 0.5, 0.25 and 0.3.
+ as vulgar fractions, the following fractions have the same values as the examples
11

above, 3, 7 and % Vulgar fractions consist of two parts. The top, or numerator,

and the bottom, the denominator.

Vulgar fractions are useful in algebra. The next section looks at some techniques for
dealing with them.

4.1 Simplifying

Fractions can be cancelled down or simplified by dividing the numerator and denomi-
nator by a common factor i.e. we look for a number that goes into both the top and the
bottom of the fraction. For example:

18 3x6

24 4x6
_3x8
4 x6
_3
4

The same can be done with algebraic fractions.

18



4 Fractions

dry 2y x 2z

6r 3 X2z
2y x 2t
3% 2%
_ %
3

Sometimes you’ll need to factorise expressions in the fraction in order to cancel it down.

1Ox2+5x_5x><233—|—5x><1
dr+2  2x2x+2x1
_ 5z(2z +1)
2204+ 1)
_ 5w(2e+T)
22z +1)

_5:U
2

Here are some practice questions.

19



4 Fractions

Simplify the following fractions:

a)
6y
30y”
Save answer
Score: 0/1
20’—dx
5210
Save answer
Score: 0/1
Score: 0/2 | Try another question like this one Reveal answers
NUMBAS Created using Numbas v10.0, developed by Newcastle University. Display options
I Warning!

It is tempting to want to make cancellations like this:

272 2ax

3r+7 3z+1
2x

T 34+7
_2:1:

10
i

5

However, please don't do it, as it’s just plain wrong! Lets let x = 3 and substitute

2x
3x+7

correct it should give the same answer.

it into the original and into incorrectly simplified version % If the algebra is

We claim:
212

a7
3r+7 5

20



https://numbas.mathcentre.ac.uk/question/127104/algebra-cancelling-fractions/embed/?token=17a9a4e4-a12e-4563-affd-e77faf02f68e

4 Fractions

but if we substitute x = 2 into both sides we get:
23)>  _ (3)
33)+7 5

2x9 3

9+7 5

18 3

16 5

9 3

8 5

Which is nonsense!

Economics example

If a firm’s total cost of producing Q units is TC' = 3Q? + 10Q + 50, then its
average cost is:

2
:TQCZBQ +1C;)Q+50:3Q+10+@

AC
Q

Splitting the fraction in this way makes it easier to see how average cost changes
as output changes.

4.2 Multiplication and division

Multiplication and division of fractions is, thankfully, really easy!
4.2.1 Multiplication

For multiplication you simply multiply the different fractions numerators and denomina-
tors together. In other words the top of the first fraction with the top of the second one
and so on. After the multiplication you may be able to cancel down the fraction. Just like
this:

21



4 Fractions

i Pro-tip

It is possible to cancel before multiplying. Here is the same example revisited:

2x3

D x4
2x3

:5><2><2
2x3

:5><2><Z
3

10

2X3_
54

This can be super useful when dealing with large numbers or complex algebraic
fractions.

4.2.2 Division

We can change a division into a multiplication by remembering keep, change, flip. We
keep the first fraction as it is. Change the division, <, symbol to a multiplication, %, and
flip the last fraction - swap the places of the numerator and denominator. This is called
taking the reciprocal of the fraction. For example:

22



4 Fractions

4.3 Addition and subtraction

Addition and subtraction is easy if the denominators are the same. We just add the
numerators together and the denominators stays the same. For example:

If the denominators are different we must make equivalent fractions with a common
denominators first. Finding a common denominator is like simplification, or cancelling

down, but in reverse.

If we want to add % and % for example, we want to rewrite the first fraction so that it
has 9 as the denominator. To do this, we multiply the top and bottom of the fraction by
3 (Remember to multiply both the numerator and denominator by 3 to make sure the
fractions are equivalent!) :

2+2_2x3+2
3 9 3x3 9
_6+2
9 9
_6+2
9
_8
9

23



5 Solving equations

When we work out the value of an unknown, say x, in an equation we say that we are
solving for x. To work out the value we are free to apply any mathematical operation we
like to the equation so long as we do the same to both sides.

Note: We can’t quite do any operation. Division by zero, =0, is not allowed as it is
undefined.

5.1 Linear equations

5.1.1 Single unknown

Keeping the idea of doing the same thing to both sides in mind lets solve the following
equation by undoing each operation with it’s inverse.

3z +8 =10

First subtract & from each side.

3r+8—-8=10—28
3r =2

Now divide both sides by 3 to find the value of one .

24



5 Solving equations

The nice thing here is that we can leave the answer as % No need to find a decimal
fraction if we don’t need to.

Solve the following equations by applying the same operation to both sides. Remember
the questions come with full solutions, so, if you get stuck have a look at the answers
and then try a different one.

Solve the following equations to find x, giving your answers as integers, or fractions where
necessary:

Save answer

Score: 0/1

Save answer

Score: 0/1

0

—15(-11z —12) =6

=

5.1.2 Unknown on both sides
If the unknown appears twice in an equation collect the unknown like terms first and
then solve as before.

4y

Given -9 — —2, we can multiply both sides by (y — 9) to get rid of the fraction, then
get all the ys on one side, then finally solve as before.

25


https://numbas.mathcentre.ac.uk/question/90637/equations-linear-equations-1a-rational-answers/embed/?token=8b0eebe4-9011-49a1-a3aa-d0a1298634be

5 Solving equations

4
)
y—9
4y
—9) = -2 -9
y_9><(y ) X (y—9)
W (y—eT— —2xy—2x—9
= — y— —_—
y—9
4y = —2y + 18
dy + 2y = 2y + 18 4+ 2y
6y = 18
6y _ 18
6 6
y=3

1 Note

+ To solve equations do the same thing to both sides.
+ If the unknown appears twice - collect like terms first.

Have a go at some questions. You'll need a pen and paper to work these out.

26



5 Solving equations

a)
Solve 9 (2w —8) = 3w+ 8

w= Round your answer to 1 decimal place.

Save answer

Score: 0/1
2y
Given = —12,
y—8
y= Round your answer to 1 decimal place. .
Save answer
Score: 0/1
0)
x+3 £
Solve +—==-1
2 11
T= Round your answer to 1 decimal place.

Save answer

Score: 0/1

5.2 Inequalities

Solving inequalities works just like solving a normal equation except when you divide or

multiply by a negative number the inequality symbol changes direction. Here are some
examples.

Addition and subtraction work.

1 <2
1+5<2+5
6<7
v
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5 Solving equations

1 <2
1—-4<2—-4
—3 < -2
v

Remember —3 is less than —2 since it is further to the left on a number line. In other
words —3 is more negative than —2.

Multiplication and division work as expected with positive numbers.

4 <6
4x2<6x2
8§ <12
v

4 <6
4+-2<6+2
2<3
v

We need to be careful when multiplying and dividing by negative numbers.

4 <6
4x—-2<6x—-2
—8 <4 —12
—8> —12

1 Note

Remember the following key point when using inequalities:

When multiplying or dividing by a negative number change the direction of the
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5 Solving equations

inequality.

5.3 Simultaneous equations

Sometimes equations have more than one unknown. Take © + y = 4 for example.
There are infinitely many pairs of numbers, x and vy, that work for this. Take the follow-
ing pairs for example: * = landy = 3, x = —100 and y = 104, and x = 0.1 and
y = 3.9.

1 Pro-tip

These pairs of solutions are often given as co-ordinate pairs like (1, 3),
(—100,104) and (0.1, 3.9). We'll do more about co-ordinates later.

However, if | give you some more information, say * = v, now there is only one
solution, namely x = 2 and y = 2. We can use the information in two equations
together to find the values that satisfy both equations.

5.3.1 Elimination method

The idea with this method is to combine the two equations to create a new equation with
only one variable in it.

dr +2y=—6 (1)
—2x+3y=7 (2)

To get a solution for y, if we multiply equation (2) by 2 we will have two equations with
equal and opposite x-coefficients:

dx 4+ 2y = —6
—4xr+6y =14 (3)

If we add equation (1) to equation (3) this eliminates the z-terms, leaving us with one
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5 Solving equations
equation in terms of y:
(2+6)y=—6+ 14

8y =8
y=1

To obtain a solution for & we can substitute this y-value into either of our initial equa-
tions. Using equation (1), we obtain:

dr4+2x1=—6

dr +2 = —6
4y = —8
T =—2

We can check our values for & and y by substituting them into equation 2.

—2x+3y="7
—2x—243x1="7
443=7

Which works out!

Economics example

In economics, market equilibrium occurs where the quantity demanded equals
quantity supplied. You're making just the right amount. If you made any more, they
would be unsold, and if you made any less, you would miss out on an opportunity.
It's useful to find out exactly where this point is, or in other words, where the
equilibrium lies.

The demand for an item usually depends on the price. Typically, the higher the
price, the less people want to buy. The supply of an item also depends on the
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5 Solving equations

price. The higher the price, the more producers are willing to make.
We usually use the letters P and Q to represent price and quantity in economics.

Imagine a student bake sale. Let £P be the price of one brownie and Q be the
number of brownies.

Demand tells us how many brownies the buyers want:

P+Q=8
If brownies were free, 8 people would take one. But for every £1 the price goes up,

one person decides it is not worth it. When the price is £7, only one person wants
a brownie. When the price is £8, no one wants a brownie.

Supply tells us how many brownies the bakers are willing to make:

P+ Q=-2

The bakers will not switch the oven on unless they can charge at least £2 (to cover
ingredients). For every extra brownie, they need another £1 to make it worth their
time.

Adding the two equations eliminates P:

2Q = 6

So () = 3. Substituting back into the demand equation:

P+3=8 = P=5

The equilibrium price is £5 per brownie, and 3 brownies are baked and sold.
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5 Solving equations

Market equilibrium

10

Price, P

Quantity, Q

When () = 3 and P = 5, the quantity supplied equals the quantity demanded,
and the market is said to be in equilibrium. You will also commonly hear the
phrase the market has cleared. This is a metaphor based on the idea of a
market as a physical place where buyers and sellers meet. In this metaphor, the
market “clears” when all goods are sold and there are no unsatisfied buyers or
sellers. (Everyone clears off home, and there’s no one left trying to buy or sell
anything.) In reality, markets are often more complex and may not clear perfectly,
but the concept of equilibrium is still a useful tool for understanding how prices and
quantities are determined in a market economy.

You can try other examples in the exercise below. Sometime you may have to multiply
both of your starting equations in order to get the same amount of one variable. Also,
don’t worry if you have eliminated the other variable - it doesn’t matter which you get rid
of first, you should get the same answer in the end.
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5 Solving equations

Solve the simultaneous equations for z and y.

2r—y=-3
5z + 9y=4
z=
y=
Save answer
Score: 0/2 | Try another question like this one Reveal answers
NUMBAS Created using Numbas v10.0, developed by Newcastle University Display options

5.3.2 Substitution method

It is also possible to re-arrange one equation and substitute it into the other. This
method will be covered in the Quadratics section.
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6 Reading mathematics

This section looks at common notation used when writing mathematics using formal
notation - read it now or come back to it once you’ve done a bit of real maths. You could
even use it as a glossary, come back to it and look stuff up if you need to.

Sometimes looking at a piece of mathematics can feel like looking at another language.
If you feel that way don’t worry, that’s normal. It's worth remembering these things:

« Written mathematics is dense. A lot of concepts can be expressed with very few
symbols. Don’'t worry if it takes you a while to understand what they mean - that’s
totally normal. It's also a good idea to get a pen and paper out and play with the
concepts being expressed.

» Understanding notation takes time. At first it can seem unnecessary and need-
lessly complicated to introduce new symbols. However, once you've mastered
using these symbols you will gain a new perspective on the concepts your study-
ing.

» Practice helps. Maths is an active subject, take the time to do some questions.
Don’t be content to read the notes and watch the videos. It's also worth trying
to work through examples in your lecture notes alone, even if you've seen the
answer before, getting to it yourself will be good practice.

6.1 Common symbols

These symbols can turn up in mathematical explanations.
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6 Reading mathematics

symbol meaning

therefore

because

+ not equal
6.2 Sets

A set is a collection of elements (things). Sets are defined using curly brackets or
braces { and }. Capital letters are often used as names of sets. Here is the set of the
first 5 multiples of 3 (the first 5 numbers in the 3 times table):

A=1{3,6,9,12,15}

When sets are small it’s ok just to write down all the elements of the set. However if |
wanted to write down all of the multiples of 3 | would be in trouble. This is when we use
set builder notation and some new symbols.

B = {3z|z € N}

This is read as: B is the set of 3 times x such that x is a natural number. We've added
in a funny E, N and a line! Here’s what they mean:

symbol meaning
€ is a member of the set
| such that

N the natural numbers 1, 2, 3, 4...

When reading this for the first time it is fine to try some values for x and see what you
get. Explore the idea with pen and paper.
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6 Reading mathematics

6.2.1 Common sets of numbers

The table below contains common sets you may see. Each lower set contains the one
above, i.e. the whole of N is in Z.

symbol name example
N the natural numbers positive whole numbers
1,2,3,4..., this
sometimes includes zero
Z the integers positive and negative
whole numbers
ey, —2,—1,0,1,2, ...
Q the rational numbers including fractions
—£,0,4,1, ...
R the real numbers now we introduce e and T,

numbers with infinite and
non-repeating decimal
expansions

C the complex numbers v —1 is now allowed, this
enables any polynomial to
be solved
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6 Reading mathematics
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6 Reading mathematics

Economics example

Greek letters appear frequently in economics. For example, 7 (pi) is often used for
profit, and A (capital delta) is used as a prefix before another variable to refer to
the change in that variable. A change in quantity might therefore be written AQ).
Another common Greek letter in economics is € (epsilon) which is used to refer to
elasticity.

Elasticity is one of the most common words in economics, but on its own it means
almost nothing. Strictly speaking, elasticity is just another name for a ratio: it
tells you how much one thing changes when another thing changes. Saying “the
elasticity is 2” is about as informative as saying “the ratio is 2”. You immediately
need to ask, “A ratio of what to what?”

To make sense of the word, you always need to specify which elasticity you mean.
You may come across price elasticity and income elasticity for example. For now,
just remember that € is the Greek letter economists often use when they talk about
ratios or percentage changes.

Practice with your knowledge of sets with these questions:
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6 Reading mathematics

a)
Given that W = {12,6, 3}

Find the set
{3w|w e W}

Enter a list of numbers separated by ,

b)
Find the set
{reNl<z<2}

Enter a list of numbers separated by ,

Score: 0/2 | Try another question like this one

Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle University.
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Save answer

Score: 0/1

Save answer

Score: 0/1


https://numbas.mathcentre.ac.uk/question/100368/sets-set-notation/embed/

7 Straight line graphs

It is often useful to plot graphs of functions to gain an understanding of what they
mean. Straight line graphs are produced by linear equations. Linear equations like

y = 2x + 4 only have x to the power of one only. Note: this doesn’t just apply to x, it
could be whatever variable you are using.

7.1 Coordinates

To build a picture of a function we work out pairs of values that satisfy the function. Take
for example y = %x + 1. If we choose values of © we can work out the corresponding

y values.

T Y

0 2(0)+1=1
1 2(1)+1=15
2 12)+1=2

Once we have these values they can be plotted on graph.
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7 Straight line graphs

The red dots show the points and the blue line shows the equation.

By working out some co-ordinates in the following question try to generate the correct
line.
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7 Straight line graphs

Move the points A and B to make line y = —2z — 1

You can zoom and pan this image.

Save answer

Score: 0/1 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle University Display options

@ Curves and straight lines

In mathematics, a straight line is technically a special type of curve, just one with

no curvature at all. You will often hear mathematicians refer to any line, straight

or otherwise, as a “curve”, particularly when its exact shape has not yet been

determined.

7.2 The formula for a straight line graph: y = mx + ¢

Straight line graphs can be defined by two quantities. The gradient, m, a measure of

how steep the line is, and the vy intercept, ¢, where the line crosses the y axis.

7.2.1 They intercept: c

The y intercept is where line crosses the y axis. We can quickly work out the co-
ordinate by substituting x = 0 into the equation of a line, or, by noticing the constant

term in equation where y = mx + c. Here are two examples:

For the line y = 3z + 4, the y intercept is at (0, 4) i.e. it crosses the ¥y axis at 4. We
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7 Straight line graphs

can check this by substituting x = 0 into the equation.

y=3x+4
=3(0) + 4
=3x0+4
y=4

We need to be careful with the next example: y + 2 = 5. It's tempting to say that
the y intercept is 2 but it’s not. First we must re-arrange the equation into the form of
y = max + c. We'll use the idea of doing the same thing to both sides again.

y+2=>5x
Yy+2—-2=5x—-2
Yy =Hr — 2
Once we’ve done this we can see that the intercept is when y = —2. Notice if we

substituted = 0 in the original equation we would get this answer too.

y+2=>5x

y+2=25(0)

y+2=0
Yy =—2

Click on the graph below and play with the slider for c. Notice how the graph moves up
and down.
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7 Straight line graphs

5

7.2.2 The gradient: m

The gradient of a graph is a measure of how much steep the line is. The value of m is
the change in the y axis for each increase of 1 in the x axis. So a gradient of m = 2
would mean the y values increase by 2 for each increase of 1 in the x direction. This is
a positive gradient. Contrast this to a value of m such as —0.5. This means for each
increase of 1 in the x direction, the corresponding y value decreases by 0.5 or a half.
This is a negative gradient.

The gradient can also be found by calculating the change in the y direction divided
by the change in the x direction. The graph below shows how you could calculate the
gradient of the line. The line shown has a gradient of %

@ Pro tip
A change in a quantity is often represented by the Greek letter delta, /A, so we can
rewrite m as: m = %
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7 Straight line graphs

Click on the graph below and then change the value of m with the slider. Notice how
the gradient changes but the vy intercept stays the same.

5
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7 Straight line graphs

1 Note

« m is the gradient - the amount y changes for an increase in 1 in the «
direction

* ¢ where the line crosses the y axis

« m and c only make sense when the line is in the form y = mx + ¢

Different notation - same thing

The equation of a straight line can be written using different letters. They all mean
the same thing. You may see:

cy=mx+b
+y =mz +y,
cy=ax—+b

Economics example

A linear demand curve can be written:

P =20-2Q
where P is the price and () the quantity.

The intercept 20 is the maximum price anyone would pay (when () = 0). The gra-
dient —2 means that price must fall by 2 for each additional unit demanded.

This responsiveness is an example of what economists call elasticity. Here,
because we are looking at how quantity demanded responds to a change in price,
the specific name is price elasticity of demand. The gradient of the demand
curve gives a rough guide: a steep curve means buyers are not very responsive,
so demand is inelastic; a flatter curve means buyers are very responsive, so
demand is elastic.

46




7 Straight line graphs

P=20-2Q

15

Price, P

10

Quantity, Q

To calculate the gradient we divide the change in the y direction by the change in
the & direction. Here this is 20 = —2.
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7 Straight line graphs

Because the curve slopes downward the gradient is negative, and economists
write € = —2. Much to the annoyance of mathematicians, they will often drop the

minus sign and simply give the positive value, particularly when it is obvious that
the gradient is negative.

Using your knowledge of y = mx + c try the following questions. Don’t be afraid to
look at the answers and then try a fresh set of questions if it seems tricky at first.

y=—-lz+3
a)
Does this line have a positive or negative gradient?
Positive Negative
Save answer
Score: 0/1
‘What is the gradient of this line?
Save answer
Score: 0/1
0)
‘What is the y-intercept of this line?
This is the point where the function intersects the y-axis.
©, )

Save answer

Score: 0/1
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8 Quadratics

Quadratics often appear in mathematics, they occur when you have something squared,
like 2. They produce ‘U’ shaped graphs that can be either way up (depending on the
sign of the z2 term), and, a powerful formula is known that we can use to solve them.

Aplotof y = 22 is below:

\ A /

\ /

Quadratics can occur when we expand pairs of brackets, so I've included in this section.
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8 Quadratics

8.1 Expanding pairs of brackets

Expanding a pair of brackets is much the same as a single bracket. However there is a
little more going on. Consider this example of a mental method to calculate 25 x 16.

25 x 16 = (20+5) x (104 6)
20 (10+6) 5x(10+6)

=20x104+20x64+5x10+5x%x6
= 200 + 120 + 50 + 30
= 400

With algebra it works in the same way:

(a+0b)(c+d)=(a+b)x(c+d)

ax(c+d) bx (c+d)
—axct+axd+bxc+bxd
= ac + ad + be + bd

8.2 Factorising pairs of brackets

To factorise a quadratic in the form 22 -+ bx + ¢ into a pair of brackets like (x+p)(z+
q), we look to see if there are a pair of numbers p and q that add to get b and multiply
to get c.

p+q=b pxg=c

If we can find this pair of numbers we can factorise the quadratic. For example for the
quadratic £2 + 82 + 12 we can look at the factors of 12 to help us.
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8 Quadratics

12=1x12, 1+12=13
12 =2 x 6, 2+6=38
12 =3 x 4, 34+4=7

Notice how 2 and 6 multiply to get 12 and add to get 8. This means we have the cor-
rect pair. So we can now factorise the quadratic:

2?2 + 8z + 12 = (v + 2)(z + 6)

Here are some practice questions.

Factorise the following quadratic expression:

z* — 162 + 63

Save answer

Score: 0/1 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcaste University Display options

8.3 Solving Quadratics

Interestingly three things can happen when we solve a quadratic. There can be:
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8 Quadratics

« two different values that satisfy the equation
* one repeated value
* no real values (only imaginary ones - and yes that is a thing!)

Here are some methods to solve quadratic equations.
8.3.1 Factorisation

We can solve some quadratics by factorisation. Take for example the following equation
22 + 8z = —12. To solve via factorisation we must first make it equal to zero and then
factorise. So we have:

22+ 8x = —12
22 +8xr+12=—12+12
22+ 8 +12=0

Now, with a little sense of deja vu (see the example in the previous section) we can
factorise our quadratic to get (x + 2)(x + 6) = 0. Notice that this is one bracket
multiplied by another to get the answer zero. When this happens, i.e. when you multiply
two numbers and the answer is zero, either the first number is zero or the second one
is. This means either x + 2 = 0 or z + 6 = 0. Solving these two mini-equations gives
the two solutions: either xt = —2 or x = —6.

i Pro tip

We can quickly get from the factorised quadratic to the solutions by flipping the
signs in the bracket.

Try some questions.
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8 Quadratics

Solve the following quadratic equation by factorisation or otherwise:

2~ 11z +10=0

= Enter a list of numbers separated by ,
Save answer

Score: 0/1 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcaste University Display options

8.3.2 AQuadratic Formula

For a quadratic equation of the form ax? + bx + ¢ = 0 we can use the quadratic
formula to find solutions for x.

== Vb2 —4dac
a 2a

X

We can use the formula on the equation 22 — 4z + 2 = 0. In this example the values
of a, b and ¢ are:

2 2

= 1lsincexz*means1 X x

a
+ b = —4 notice how the negative sign is owned by the x coefficient
&

= 2 finally we just have 2

Substituting into the quadratic formula we have:
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8 Quadratics

_ (=) + V(=42 - 4(1)(2)

€r =

2(1)
44168
=
_4+8

2

It is possible to simplify the square roots in this answer to give 2 + V2. So don't be
surprised if your calculator gives you that answer.

Finally, we must deal with the + symbol. This means do the calculation once using
addition, 4-, and another time using subtraction, —. This will give two possible answers
for , given to 2 decimal places.

.771 — 2
= 3.41
and
4—+/8

Qj _
2 2
=0.59

i Pro tip

Notice the use of x4 and x,. Itis common in maths to use subscript numbers to
show different particular values of the same variable. That’s all it's doing x4 is just
a value for x named x; and x5 is just a value for x named 5.
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8 Quadratics

Economics example

A firm’s profit from producing @ units is 7 = —Q? + 8@ — 12. The break-even
points occur where profit is zero:

—Q%2+8Q—12=0

Multiplying by —1 gives:

Q*—8Q+12=0

This factorises to (@) — 6)(Q — 2) = 0. When two brackets multiply to give zero,
at least one of them must be zero. So either () — 6 = 0 or ) — 2 = 0. The firm
breaks even when output is () = 2 or () = 6. Between these production levels
the firm makes a net profit; outside them it makes a loss.

m=-Q%+8Q-12

6_
[ 0
:_"g
o 6 —
_12_
| [ [ [ [ | |

Output, Q
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Using the quadratic formula, solve the following quadratic equation:

2°+32-7=0

z= Enter a list of numbers separated by |,

Give your answers to 3 decimal places where necessary.

Save answer

Score: 0/1 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle University. Display options

8.4 Simultaneous equations

We are going to solve this type of equation by substitution i.e. substituting one equation
into another.

To solve a pair of simultaneous equations of this type we want to rearrange the linear
equation such that it is in terms of & or y, which we can then substitute into the equa-
tion with the quadratic terms. This will result in a quadratic equation in terms of one
variable only.

For the equations:

2c+y =1 (1)
3r2+ 3y =4 (2)

we can rearrange equation (1) to make y the subject:
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8 Quadratics

y=1—2x (3)

Substituting equation (3) into equation (2) we have:

322 +3y? =4

322+ 3(1—21)? =4

322 +3(1 —22)(1 —22) =4
322 +3(1 —4x +42%) =4
302 4+ 3 — 120 + 1222 =4
1522 =120 —1 =0

! Important

There are a few things to be careful of here:

« (1 — 22)? was expanded as a pair of brackets, (1 — 2x)(1 — 2z) before
being multiplied by 3.

» The finial stage was to make the equation equal zero so we can use the
quadratic formula.

Now we have an equation we can solve we can use the quadratic formula. To find
values of x. This gives two solutions x; = —0.08 to 2 decimal places, and, , =
—0.88 again to 2 decimal places.

Finally, since our equations for x and y we need to find corresponding y values for
each x. The easiest way to do this is to use equation (3). This gives, y; = 1.15 and
Yo = —0.75. Note, to maintain accuracy you'll need to put your full values for z; and
T, into equation (3) and then round to 2 decimal places afterwards.

This gives two pairs of numbers for our answer. (z,,y;) = (—0.08,1.15) and
(24,Y5) = (0.88,—0.75).
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i Protip

cross will correspond with our answers.

notice our answers look a lot like co-ordinates on a graph. That’s because they
are. If you plot the lines 2 + y = 1 and 322 + 3y? = 4 on the same graph
(don’t do this by hand! Use something like desmos) the places where the two lines

Here are some practice questions. Don’t forget you can graph them if it helps.

Solve the following simultaneous equations:

y—5x=10
2’ +y' =49

Give your answers to 2 decimal places where necessary.

(21,91)

(z2,92)

Score: 0/2 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle University
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O Indices

Indices is another word for powers. In this section we move beyond the idea that pow-
ers are just repeated multiplications.

9.1 Index notation

Being comfortable moving between different ways to write powers helps when rearrang-
ing algebra.

1 Note

« 20 = 1 except when z = 0 then it's undefined
. x_n — A
xn

ox%:%

Here are some examples:

More generally.

Anything to the power of zero is 1:
0

T =1
Remember good old 71? From working stuff out about circles m = 3.14159...

We can write square roots:
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9 Indices

162 = V16 = 44

1 Pro tip

When taking square roots remember there are two possible solutions. Since in the
above example 4 x 4 = 16 and —4 X —4 = 16. So either answer is just fine.

Here’s an example of a cube root.

85 = V8 =2
9.1.1 Combinations, roots and powers

A roots and powers can be combined. If a number is raised to the power of a fraction
you find the root corresponding to the denominator and then raise it to the power of the
numerator. For example:

Cube root, because of the 3 in the denominator, then square the answer because of
the 2 in the numerator. This sequence could be done the other way around, square first
then cube root, | choose this way since the numbers stay smaller.

9.1.2 Reciprocals

If you raise a number to the power of —1 you find it’s reciprocal (you flip it). For exam-
ple:
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9 Indices

9.1.3 But why?

Just like we did with negative numbers we can extend the idea of what a power means

by following a pattern. Here’s a pattern to justify 20 =1landz ™™ = L.

$n

103 =10 x 10 x 10 = 1000

102 = 10 x 10 = 100
10! = 10 =10
109 =1 —1
1
107 = — = 0.1
10
10—2—; = 0.01
10 x 10 e
1073 = 1 = 0.001
10x10x10

I'll come back to the justification about square roots after the next section.

9.2 Rules of indices

There is a neat set of rules we can use when combining numbers with indices:

1 Note

o ™ X g™ = gt
e =g =g

. (xn)m — pnxm

When you multiply terms you add the powers.

3t x5 =3 x5 x axt x 2P
=15 x x*td

= 152°
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9 Indices

Lets put it all together with a complicated example:
Va3

To rewrite — in the form 2", we need to use the following rules:
3V a3

anam — an—i—m

%: CLl/n;

(an)m — anxm.

b

a™

am

A

=a" "™,

We will simplify the numerator and denominator separately to make the steps clearer.
Firstly, applying rule 1, then rule 2, and then rule 3 to the numerator:

Vadz3 V8

S ad  Yavad
(28)1/4
NEAVAE

x2

N

To simplify the denominator, we want to apply rule 2, then rule 3, and then rule 1:

2 2

x T
\3/56/—:63 - 2 1/3(13)1/6
T opl/341/2
- pb/6

Remember that we’ll need to get common denominators when adding the fractions at
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9 Indices

the end:

1 n 1 _ 1x2 n 1x3
3 2 3x2 2x3
_ 2 + 3
6 6

_ 5
6
Finally, applying rule 4 and simplifying,
2
r 2 ~5/6
W =" XXT /
_ 2-5/6
_ ,12/6-5/6
_ ,7/6

Lots of work with fractions here!

Economics example

If £1000 is invested at an annual interest rate of 4%, its value after ¢ years is:

V = 1000 x (1.04)t

After 5 years the investment is worth 1000 x (1.04)° and the profit is

1000 x (1.04)% — 1000 ~ 216.65

After 25 years the investment has made

1000 x (1.04)%5 — 1000 ~ 1665.84
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9 Indices

Note that this profit is a lot more than simply 5 times the profit after 5 years.
That is because the interest itself earns interest over time. We say the interest
compounds and that this is an example of compound interest.

Now try these questions. Don’t worry if it takes a while to just solve one!

Rewrite the following expression as a single term, in the form ", where n is a fraction.

Save answer

Score: 0/1 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle University. Display options

9.2.1 But why? Square roots

As promised here is an explanation of why :c% = Q/E

When we take a square root we look for the a number that when it is multiplied by it's

1

self we get the answer i.e. 7 X 7 = x. Since one x is the same as " we can rewrite

out statement again:

?7x ?=gl
? ? 1
T Xz ==x

?4L?

277 — gl
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9 Indices

1
Thismeans?—}—?:lso?:%soxz = /.
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10 Differentiation

We often want to be able to find the gradient of a curved line. For that we need a new
technique, called differentiation, that will give us a rule (a new function) to work out the
gradient at any point on the curve.

10.1 The tangent to a curve

The gradient at a point on a curve is the same as the gradient of the tangent at that
point. A tangent to a curve is a straight line that just touches curve at that point. Below
is a picture of the tangent to the curve when x = 5. You can open up the graph and
move the point around with the slider.

g
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10 Differentiation

Notice that the gradient will change depending on which value of & you use.

10.2 The rules of differentiation

Luckily finding the rule to get the gradient of a curve is straight forward. The language
we use for this process is like this. When function is differentiated a new function, the
derivative, is found. The derivative enables you to find the gradient. There are lots of
ways write this in mathematical notation. Here are the most common.

original function derivative

y &
f(z) f'(z)

g—g is pronounced ‘dee y by dee x’, and f’(x) is read as ‘f dash of .

The rule for differentiating polynomials (functions made up of adding different powers of
x)is:

1 Note

n=1 o

« if y = ax™ then % = anx
xr
« if f(x) = ax™then f’(z) = anx™ ! Times by the power, then take

one off the power

Here are some examples:
If y = 3% then g—y =3 x4 x gt =123
X

Multiple terms added together are differentiated one by one then added together:
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10 Differentiation

y =6z + 222 +4x+5
= 623 + 222 + 421 + 520

d
d—y =3x 623 +2x 222 +1 x4zl 40 x 501
X

= 1822 + 4xt + 42940
= 1822 +4x + 4

In the above example we've used the following mathematical facts:

1 1

e x=x ,x0nitsownisx
« 29 = 1, you can always multiply by z° since it's 1
« 0 X a = 0 anything times zero is zero

The take away from this is that constant terms, terms without x in, disappear, and terms

with just  in loose the x.

Try these questions to get to grips with the rules of differentiation.

Using the Table of Derivatives, calculate the derivative of y = 52 — 82 + 5a°.

e

Save answer

Score: 0/1 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle University. Display options
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10 Differentiation

10.3 Finding gradient at a point

To find the gradient at a point. Differentiate the original function and then substitute the
x value of the point into the derivative.

For example to find the gradient when x = 3 for the function y = x2. We would
differentiate and then substitute in x = 3.

y = a?

dy

-2 _9

dx o
=2(3)
=2x3

So the gradient at z = 3 on the curve y = 22 is 6.

Economics example

If a firm’s total cost of producing () units is:

TC = 3Q%+10Q + 50

economists often want to know how much it costs to increase output by one unit
when production is already at some specific level. This extra cost is called the
marginal cost at that level. It is found by differentiating total cost with respect to
quantity and evaluating at the output level in question:

_drCc

MC_%—6Q+10

For example, if the firm is currently producing ) = 5 units, the marginal cost is:
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10 Differentiation

MC = 6(5) + 10 = 40

This means that when output is 5 units, the next unit adds approximately £40 to
total cost. The derivative gives the rate of change at a particular point; economists
call that rate the marginal cost when it measures the cost of one more unit at the
current output level.

Economics example

Cost functions in economics often involve fractional powers. Suppose a firm’s total
costis:

TC = 5Q"5 + 100
Using the power rule, the marginal cost is:

_arc

MC = 90 1.5 x5 x Q%5 = 7.5Q%5

Notice that the exponent 1.5 becomes 0.5. Because the cost function contains a
fractional power, the gradient is different at every value of (). This means marginal
cost is not a single number; it depends on where you are on the curve. You must
always specify the output level when you quote a marginal cost.

When () = 4:

MC =75x4% =75%x2=15

So at an output of 4 units, the 5th unit adds approximately £15 to total cost.
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10 Differentiation

Marginal cost with a fractional power

24

18

=7.5Q°%%

MC

12 —

Output, Q
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11 Exponential functions

Exponential functions crop up in applied mathematics everywhere. This section looks at
these important functions, so important that, Professor Albert Bartlett said the following
about them in this lecture Arithmetic, Population and Energy.

The greatest shortcoming of the human race is our inability to understand the exponen-

tial function.

11.1 Getting to know exponential functions

An exponential function comes in the for, y = a®. They can increase incredibly fast.
Take for example y = 27

2 y=27=%-}
1 y=2i=g=}
0 y=20=1

1 y=2'=2

2 y=22=

3 y=23=28

4 y=2*=16

Plotting these points give a graph that looks like:
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11 Exponential functions

30

20

Notice the following key points about the graph.

1 Note

» The graph quickly increases.
« It crosses the y axis at 1 (all exponential graphs do this).

* It never goes under the x axis.

11.2 The exponential function

There is one exponential function that is so important that it is called the exponential
function. It is written as y = e” where e is an irrational number (an infinitely long
decimal number that doesn’t repeat itself, 7w is an irrational number too). The value of e
is:

e = 2.71828182845904523536028747135266249775724709369995...
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11 Exponential functions

ish.

The reason why it is special is that when y = €%, the derivative is itself, that is g—x =

e”. Below is a graph of y = a” (solid red line) and it derivative (dashed blue line), you
can open it up and change the value of a from 2 to 4. a is set to 2 to begin with, notice
how the derivative is beneath the curve y = a®. When a is increased the derivative
moves above y = a®. The point where the two curves overlap is when a = e.

1 Note

T @_m
Ify = e” then 7~ = e”.

Economics example

If a sum of money grows continuously at an annual rate of 5%), its value after ¢
years is:

V(t) — ‘/060.05:‘,
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11 Exponential functions

For example, £100 invested today will be worth:

V(10) = 100 x €29°%10 =100 x %-°

which is approximately 164.87.$

after ten years.
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Value, V

300

240

180

120

60

11 Exponential functions

V(t) = 100e”*

I [
10 15

Time (years)

76
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11 Exponential functions

11.3 Differentiating e*

The rule for differentiating e” is if y = ke®” then Z—y = ake®”.
X

Use that rule to try the following questions.

Calculate the derivative of y = 10e%.

dy
@

Save answer

Score: 0/1 | Try another question like this one Reveal answers

NUMBAS

Created using Numbas v10.0, developed by Newcastle University Display options
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12 Logarithms

Logarithms, or logs for short, are the same as powers just written in another way.

12.1 Reverse of indices

1 Key point:

If a¥ = x theny = log , x.

a is called the base of the logarithm. When dealing with logs it’s often useful to think of
a numerical example to keep the idea straight in your head.

10° = 1000
3 = log, , 1000

This is the same fact written in index notation and as a logarithm.

12.2 Rules of logarithms

Just as there are rules when dealing with indices, there are the corresponding rules
when dealing with logarithms too.

1 Key point:

*log, z +log y =log, xy
* log z —log, y =log, %
* log, " =n log, =
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12 Logarithms

We can use these rules to manipulate algebraic expressions. For example, let’s write
the following as a single logarithm:

3log,, 2 + log,, 5 — log,, 4 = log, , 23 + log,, 5 —log,, 4
= log,, 8 +log,, 5 —log, , 4
= log,,(8 X 5) —log,, 4
= log,, 40 —log, , 4
40
= |°910<Z)
= log,,(10)
=1

This is how it was done:

+ First we used the power rule log " =n log, ,
then the addition rule Ioga x + Ioga == Ioga Ty,
and finally, the subtraction rule Ioga xr — Ioga y = log
Then notice log, ,(10) = 1 since 10 = 10.

z
ay’

Economics example

The Cobb-Douglas production function is widely used in economics:

Y = AK*LP

The letters stand for:

+ Y': total output (what the firm or country produces)

« K: capital (machinery, buildings, equipment, infrastructure)

« L: labour (hours worked or number of workers)

- A: total factor productivity, a catch-all for technology, efficiency and anything
else that affects output besides capital and labour

 «v and 3: the output elasticities of capital and labour. They tell you by what
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12 Logarithms

percentage output changes when capital or labour increases by one percent

Taking natural logarithms of both sides and applying the log rules gives:

nY =nA+anK + BInL

This turns a multiplicative relationship into a linear one. Once the equation is
linear, economists can use regression to estimate o and /3 from real data.

Regression is a statistical technique that finds the straight line that best fits a
cloud of data points. It works by minimising the sum of squared vertical distances
between the line and all the points. If you have data on output, capital and labour
from many firms or many years, you regress InY on In /i and In L. The slope for
each input gives you the corresponding elasticity directly: the slope on In K is «
and the slope on In L is 3. The intercept gives you In A.

The diagram below shows what this looks like in a simplified case where only
capital varies (labour is held constant). Each grey dot is an observation from a
different firm or year. The blue line is the best fit found by regression.
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12 Logarithms

InY =InA + alnK
3 —]
2 —]
>_
(=
1 -
O —
[ | |
0 1 2
InK

Have a go at these simplification questions.
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12 Logarithms

Rewrite the following expression as a single logarithm:

2logyq (5) 4 21ogyq (4) -

Save answer

Score: 0/1 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle Universi Display options

12.3 Solving equations with logarithms in

For example, let’s solve 3 log,, « + log, 2 = log, 250. First we'll apply the power
rule log | " =n log , x, then the addition rule log , « + log  y = log  xy:

3 log,, = + log, 2= log,, 250
log, , #* + log, , 2 = log, , 250
log,, 203 = log,, 290

Now since the two sides are equal the values inside the logarithm must be equal. We
can then go ahead and solve the resulting equation as normal.
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12 Logarithms

log, , 223 = log, , 250

223 = 250
23 =125
x = V125
=5

Have a go at the following questions:

Solve for :

2log(z) + log(6) = log(31).

= (Give you answer to 2 decimal places where necessary)

Save answer

Score: 0/1 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcasle Univers: Display options

12.4 Some important bases

Some bases in logarithms come up more than others, because of that some bases have
their own notation.

12.4.1 The natural logarithm

A logarithm that has e as it's base is known as the natural logarithm and has it's own
symbol.
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12 Logarithms

i Key point:

log, z = Inx

12.4.2 Base 10

A logarithm that has 10 as it's base has it's own symbol.

1 Key point:

log,, * = logx

You just don’t bother writing the base.

12.5 Differentiating Inx

The rule for differentiating In x is:

1 Key point:

if gy = dy _ k
ify =klnaxthen = = .

Use that rule to try the following questions.
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12 Logarithms

Calculate the derivative of y = 141n (7z) .

-
£

_ Ty anomerqueston i@ s one I Revealaneners _

NUMBAS Created using Numbas v10.0, developed by Newcastle University: Display options
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13 Further differentiation

So far we have looked at differentiating powers of £ when they are added together.
This section introduces differentiating €” and In , then goes on to look at how to
differentiate, functions inside functions, products of functions (when functions are
multiplied together) and quotients of functions (when functions are divided by each
other).

13.1 Standard results

We can now expand our table of derivatives. Here are all the rules from the last differen-
tiation along with some new ones.

Try some differentiation with some fractional powers:
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13 Further differentiation

Find the derivative of y = 527 + 7o ~! — 3%

sle

Save answer

Score: 0/1 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle University Display options

13.2 The chain rule

The chain rule is used when we have functions inside other functions.

If we have a function of the form y = f(g(x)), sometimes described as a function of a
function, to calculate its derivative we need to use the chain rule:

dy du " dy
de dx = du
This can be split up into steps:

Let u d: g(x); Rewrite 3 in term; of u, such th?lt y = f(u); Calculate 2% and Z—Z;
Write 2 as a product of % and 52; Make sure ¥ is only in terms of . Ensure any u

terms have been replaced using the initial substitution.

Following this process, we must first identify g(z). Since the function is of the form
y = f(g(x)), we are looking for the ‘inner’ function.
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13 Further differentiation

So, fory = —(4x? + 1)4,
g(z) = 42° + 1.

If we now set u = g(x), we can rewrite y in terms of u such that y = f(u):

y=—u'
Next, we calculate the two derivatives ‘é—“ and 2.
x du
du dy
— =8z, -2 =—4u?
dx " du
Plugging these into the chain rule:
dy du dy
— = — X —
dr dx  du’
= 8z x —4u?,
= —32zu’.
Finally, we need to express % only in terms of &, so we must replace the u term using

the initial substitution © = 422 + 1:

d
ﬁ = 32242 + 1)°.

Phew! Time for a cup of tea, or maybe some more questions...
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13 Further differentiation

Calculate the derivative of y = — (6z* — 6)3.

sl

Save answer

Score: 0/1 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle University Display options

Economics example

A firm’s revenue is related to the quantity it sells. Suppose revenue is given by:

R = (100 — 2¢)3

where ¢ is quantity. This is a simplified example, but it captures a common prob-
lem in economics: the variable ¢ appears inside a linear expression (100 — 2¢q),
and that whole expression is then raised to a power. You cannot apply the basic
power rule directly to g because q is not the base; it is inside the brackets.

To find the marginal revenue (the derivative of revenue with respect to quantity)
we need the chain rule. The chain rule is used whenever one function is inside
another.

Letu = 100 — 2q, sothat R = u3. Then:
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13 Further differentiation

— = 3u? x (—2) = —6(100 — 2¢)?

The marginal revenue tells us how much extra revenue the firm gets from selling
one more unit. Because revenue depends on quantity through the composite
function (100 — 2¢)3, the chain rule is essential.

13.3 The product rule

If we have a function of the form y = u(z)v(x), to calculate its derivative we need to
use the product rule:

This can be split up into steps:

Identify the functions u () and v(x); Calculate their derivatives 2% and dv, Substltute
these into the formula for the product rule to obtain an expression for 7= Slmpllfy d
where possible.

13.4 The quotient rule

u(x

(mg to calculate its derivative we need to use the

If we have a function of the form y =
quotient rule:

dy _ v(z) x G —ulx) x

dz [v()]?

This can be split up into steps:

Identify the functions u(z) and v(z); Calculate their derivatives % and %; Substitute
these into the formula for the quotient rule to obtain an expression for Z—Z; Simplify %
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13 Further differentiation

where possible.
Following this process, we must first identify u(x) and v(x).

For example if:
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14 Optimisation

Optimisation finds the biggest or smallest values of a function. This is often used to
solve real world problems, for example:

+ optimise profits by finding a maximum of a profit function
+ optimise a journey cost by finding minimum fuel use

Brace yourself! The questions here are long and multi-stepped. Take your time, have a
coffee and be kind to yourself.

14.1 The process of optimisation

The largest or smallest values of a function can be found either at it’s turning points
or at it's extreme values. At the turning point of a function it's gradient will be zero,
imagine walking to the top of a hill, once you get to the top you can’t go any higher and
the hill levels out, it's gradient is zero. The extreme values of a function also need to
be checked since the gradient might not be zero here but it could be a maximum or
minimum value.
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14 Optimisation

global maximum

local maximum

3

local minumum

2

global minimum

-1 0 1 2 3 4 5 [3 7 8 9

1

1 Names of turning points

* Global maximum - the largest value in the whole function

+ Global minimum - the smallest value in the whole function

» Local maximum - the largest value in that neighbourhood of the function
* Local minimum - the smallest value in that neighbourhood of the function

14.2 Classifying turning points - critical points

Sometimes it’s not easy to sketch the function you are working with and you need to find
a way to classify your turning points (sometimes called critical points).

We can classify the turning points by looking at the values of the first and second deriva-
tives, f'(x) and f”(x). The graph below shows f(x), f’(x) and f”(x) all plotted
on the same axes. As you move the point notice how when f(x) is at it's maximum,
f'(z) = 0and f”(x) < 0. The three different lines are as follows: f(x) is solid
red, f’(x) is dashed blue and f”(x) is dotty and green. There is a lot going on in the
graph below but it's worth taking some time to play with the points to see what is going
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14 Optimisation

on.

0 | /

We can summarise this in a table:

i Note

critical point f(x) f(x)y  f"(x)

minimum  smallest value 0

S
maximum largest value 0 f(z)<0

A\ Inflection points

Sometimes you might get a values of f’(z) = 0 which doesn’t correspond to a
maximum or a minimum. These are a type of inflection point and can be identified
by noticing that f” () = 0 at this point. Inflection points happen when the bend
of the curve changes from upwards to downwards. Mathematically speaking we

say going from concave to convex.
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14 Optimisation

Economics vocabulary

First order condition or FOC is when f’(xz) = 0. This finds the stationary
points: the places where the curve is momentarily flat. A stationary point could be
a maximum, a minimum, or a point of inflection, so the FOC alone does not tell
you which.

Second order condition or SOC is checking the sign of f” () to classify the
turning point. If f”(:p) < 0 at a stationary point, the curve is concave there and
the point is a local maximum. If f”(x) > 0, the curve is convex and the point is a

local minimum.

14.3 Example - finding and classifying critical points

We can use this information to classify critical points. For example let’s find and classify
the critical points of:

y =223 —4% +2

First we need to find the points where Z— = 0 (remember f’(x) and % mean the
X xr
same thing). So differentiating y = 223 — 422 + 2 we have:

d
% = 622 — 8z
Setting g—g = (0 and solving we have:
d
% = 62 — 8z
0 =622 —8x
= 2x(3x —4)

Now either 22 = 0 or 3x — 4 = 0. Solving these two equations we get that x is equal
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14 Optimisation

to either to 0 or %.
Have a go at this question on classifying critical points.

Given the function
y =20 +22% +1,

find its stationary points and determine their nature.

There is a minimum point at ( " ) and a maximum point at (| s ).

(Give the coordinates of the stationary points to 2 decimal places where necessary.)

Save answer

Score: 0/4 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle University Display options

14.4 Solving optimisation problems.

We can put all this together to solve problems. Warning This is a long question with
many steps. You might want to check your knowledge of the chain and quotient rule
before you start.

14.4.1 Worked example

2
Production cost can be modelled with the equationy = 3 — @ in the interval

0 < x < 8 where y is cost and x is number of units produced.

Find the minimum cost and verify that it is a minimum using differentiation. There is a
minimum point at (z, y).
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14 Optimisation

14.4.2 Solution

u(x)
()

Since the function is of the form y =

dy
dx”

, Wwe want to use the quotient rule to calculate

the derivative

Asy =3 — (z+3)*

letu(z) = (z + 3)? and v(z) = —x.

du

Next, we need to find the derivatives, dz

dv.
and o7
Since —gz = 2(z + 3) and —gi =—1.

Substituting these results into the quotient rule formula we can obtain an expression for

dy.
dx’
d d
dy _ v(z) X 5 —u(r) X 32
dx [v(z)]?
(—z) x2(z +3) — (z +3)% x —1
B (—x)? '
Simplifying,
dy 2x(x+3)—(z+3)>
dr — 2
227+ 6z —a?—6z—9
— —
B 22 —9
=—
To find the stationary points of the function, we must solve % = 0 for z. Setting
dy _ .
- =0 ,
zc—9
5 =0
—x
— 22 —-9=0.
Therefore, the stationary points are when z = 3 and z = —3.
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14 Optimisation

Due to the interval that this equation is valid for we can reject xt = —3.

We find the corresponding y-values of the stationary point by plugging these x-values
into the initial equation:

When x = 3,

(3 +3)2

=3
Yy T3

= —9.
Therefore, the stationary point is (3, —9). Finally, we need to determine the nature of

the stationary point. To do this we want to calculate the second derivative of the initial
function and then evaluate it for x-value of the stationary point.

Recall:

2

o If % < 0 the stationary point is a maximum;
2

o If % > () the stationary point is a minimum;

2
o If % = 0 the stationary point is a point of inflection.

2
To calculate %, we want to differentiate % again with respect to x:
xr xr

?y  2x(z? —9) — 223

dz2 (—x2)?
203 — 223 + 18z
— _x4
18
R}
For (3,—9), 327?;/ = —%, so it is a maximum.

Congratulations if you made it this far!

Now you can have a go at one yourself.
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14 Optimisation

=+5)" i the interval 0 < & < 8 where

3z

Production cost can be modelled with the equation y = 5 —
y is costand x is number of units produced.

a)
Find the derivative of

2
yos_EE

=
&S

Save answer

Score: 0/1

Find the minimum cost and verify that it is a minimum using differentiation.

There is a minimum point at ( | )

Save answer

Score: 0/2

Score: 0/3 | Try another question like this one Reveal answers

Economics example

A demand function for a generic good, where P is the price and q is the quantity
is: P = 121 — q. The Marginal Cost is given by, M C' = 7q + 25, and fixed
costis F'C' = 23. Find the quantity ¢ to maximise profits.

The Marginal Cost, M C, is the cost that changes with quantity of the goods
produced.

The Fixed Cost, F'C, is a one off cost.

The total profit can be found by calculating the total revenue (price times quantity)
subtracting the total cost (marginal cost times quantity add fixed costs).

Since the letter P has been used for price I'll use 7, the greek version of P for
profit. The equation for profit looks like:
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14 Optimisation
T=TR—-TC
=Pq— (MC x q+ FC)

Using the equations for P, M C' and F'C given in this question we can substitute
these in our equation for profit to give:

m= (121 —q)q— (7q + 25)q — 23

Expanding the brackets we have:

T =121qg — q*> — 7¢> — 25q — 23

Then collecting like terms (it's normal to write it in decreasing powers of the
variable):

7= —8¢%> + 96q — 23

Differentiating with respect to g gives:

dm
— = —16q + 96
dq
Using the first order condition fl—g = 0. In other words find where the function’s
gradient is equal to zero. We have:
—16¢g+96 =0

Solving to find q:
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14 Optimisation

96 = 16¢q
% _

16
q==6

So finally the quantity ¢ that maximises profits is 6.

Now you can try one for yourself:

A demand function for a generic good, where P is the price and g is the quantity is: P = 131 — q.
The Marginal Cost is given by, MC' = 4q + 41, and fixed cost is, F'C' = 25. Find the quantity ¢ to
maximise profits.

Score: 0/1 | Try another question like this one Reveal answers

NUMBAS Created using Numbas v10.0, developed by Newcastle University.

101

Display options

Save answer


https://numbas.mathcentre.ac.uk/question/140935/optimisation-find-quantity-to-maximise-profits/embed/

	Welcome
	Subject specific
	What do the boxes mean?
	I'd love to hear from you

	Negative numbers
	Multiplication and Division
	But why?!!?

	Addition and subtraction

	Algebraic expressions
	Substitution
	Simplification

	Expressions with brackets
	Expanding
	Single brackets
	Expanding pairs of brackets

	Factorising
	Factorising - single brackets
	Factorising - pairs of brackets


	Fractions
	Simplifying
	Multiplication and division
	Multiplication
	Division

	Addition and subtraction

	Solving equations
	Linear equations
	Single unknown
	Unknown on both sides

	Inequalities
	Simultaneous equations
	Elimination method
	Substitution method


	Reading mathematics
	Common symbols
	Sets
	Common sets of numbers


	Straight line graphs
	Coordinates
	The formula for a straight line graph: y=mx+c
	The y intercept: c
	The gradient: m


	Quadratics
	Expanding pairs of brackets
	Factorising pairs of brackets
	Solving Quadratics
	Factorisation
	Quadratic Formula

	Simultaneous equations

	Indices
	Index notation
	Combinations, roots and powers
	Reciprocals
	But why?

	Rules of indices
	But why? Square roots


	Differentiation
	The tangent to a curve
	The rules of differentiation
	Finding gradient at a point

	Exponential functions
	Getting to know exponential functions
	The exponential function
	Differentiating e^x

	Logarithms
	Reverse of indices
	Rules of logarithms
	Solving equations with logarithms in
	Some important bases
	The natural logarithm
	Base 10

	Differentiating \ln{x}

	Further differentiation
	Standard results
	The chain rule
	The product rule
	The quotient rule

	Optimisation
	The process of optimisation
	Classifying turning points - critical points
	Example - finding and classifying critical points
	Solving optimisation problems.
	Worked example
	Solution



